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We control the direction and magnitude of thermal radiation, between two bodies at equal temper-
ature (in thermal equilibrium), by invoking the concept of adiabatic pumping. Specifically, within a
resonant near-field electromagnetic heat transfer framework, we utilize an instantaneous scattering
matrix approach to unveil the critical role of wave interference in radiative heat transfer. We find
that appropriately designed adiabatic pumping cycling near diabolic singularities can dramatically
enhance the efficiency of the directional energy transfer. We confirm our results using a realistic
electronic circuit set-up.
Introduction – Understanding the rules that dictate
thermal radiation and the development of novel schemes
that allow us to tame its flow, has offered over the years
an exciting arena of research [1–4]. From one side, there
are fundamental challenges associated with basic con-
straints that need to be understood in order to manage
thermal radiation [4–8]. At their core are questions as-
sociated with the importance of thermal electromagnetic
fluctuations and their implications in directional ther-
mal radiation. On the other hand, there is a wide range
of applications that can benefit from advances in ther-
mal radiation management. In fact, in close connection
with the rapid developments that we are witnessing in the
field of nanophotonics, the subfield of thermal photonics
has emerged [9–20] and promises to revolutionize mod-
ern energy technologies. Examples include thermopho-
tovoltaics [21–24], thermal imaging [25, 26], thermal cir-
cuits [27–29], and radiative cooling [30].
In this paper we propose to manipulate thermal radia-
tion by introducing the concept of an adiabatic thermal
radiation pump. The pump operates between two reser-
voirs that are maintained at the same temperature - as
opposed to common approach where heat flow requires a
temperature gradient. A possible setup of a thermal radi-
ation pump is depicted in Fig. 1a. By slow periodic mod-
ulation of the eigenfrequencies of two resonators, coupled
to two separate reservoirs at equal temperature T , one
can transfer thermal radiation from one reservoir to the
other (see green arrows). This process of creating a di-
rectional radiation flow may be termed adiabatic thermal
radiation pumping. The amount of heat pumped in one
cycle depends on the details of the modulation process.
In particular, we show that the existence of a diabolic
point (i.e. an exact degeneracy) in the spectrum of the
system’s Hamiltonian leads to a dramatic enhancement
of the effect, for an appropriately chosen modulation cy-
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FIG. 1: Proposed implementations of our thermal radiation
pumping scheme: (a) A nano-photonic structure consisting
of three single-mode resonators. The resonant frequencies of
the first and third resonator (purple colors) are periodically
modulated via a weak adiabatic modulation of the permit-
tivities of the resonators. The system is in contact with two
independent baths at the same temperature T . (b) A circuit
consisting of three LC resonators. Two of these resonators
are modulated via their (purple) capacitances. The circuit is
coupled capacitively to two artificial reservoirs at the same
temperature T . The reservoirs are implemented by synthe-
sized noise sources generating random voltages V s1,2 with a
prescribed spectral distribution. The positive direction for
the pumped flow is chosen to match the green arrows.
cle. Our theoretical results are based on a coupled-mode-
theory (CMT) approach to resonant thermal radiation
and are backed up by detailed numerical simulations us-
ing realistic circuit set-ups, see Fig. 1b. Our approach
unveils the importance of wave interference in radiative
heat transfer by connecting the pumped thermal radia-
tive current with the instantaneous reflection phase. This
connection opens up new possibilities in the field of ther-
mal photonics. Our concept of the adiabatic thermal ra-
diation pumping is inspired by adiabatic charge pumping
in condensed matter, where a DC current in response to a
slowly varying time-periodic potential has been proposed
[31–36] and experimentally demonstrated [37].
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2CMT Modeling of Thermal Radiation– We consider a
photonic circuit supporting a finite number of resonant
modes Ns described by a Hermitian Hamiltonian H0.
The system is in contact with two separate heat baths
at constant temerature (see Fig. 1a where Ns = 3) via
leads with the system-lead coupling described by an op-
erator Wˆ .
At thermal equilibrium, the two baths generate pho-
tons at frequency ω with mean number ΘT (ω) =(
e
~ω
kBT − 1
)−1
given by the Bose-Einstein statistics. The
radiative thermal energy exchange between the two heat
baths can be studied using a time-dependent CMT
[38, 39]
ı
d
dt
Ψ = HeffΨ + ıWˆ θ
(+); Heff =
(
H0 + Λ− ı
2
WˆWˆT
)
θ(−) = WˆTΨ− θ(+) (1)
where Ψ = (ψ1, ψ2, · · · , ψNs)T describes the modal am-
plitude of the field and it is normalized in a way that
|ψs|2 represents the energy of the sth mode. The vari-
ables θ(±)n (ω) (frequency domain of θ± in Eq. (1)) indi-
cate the flux-amplitudes of the incoming (+) and outgo-
ing (-) waves from and towards the reservoir n = 1, 2 via
leads. At thermal equilibrium the incoming flux (from
the reservoirs) satisfies the correlation relation [38]
〈θ(+)n (ω)(θ(+)m (ω′))∗〉 =
~ω
2pi
ΘT (ω)δ(ω − ω′)δnm (2)
and, therefore, the outgoing power from the nth heat bath
is given by the double integral over frequency ω of this
correlation function.
The associated scattering matrix S, connecting the
outgoing θ−(ω) to the incoming θ+(ω) waves, can be
evaluated using Eq. (1). We have [40]
S = −I2 − ıWTGeffW, Geff = 1
Heff − ωINs
(3)
where In is the n × n identity matrix. The matrix W ,
describes the coupling to the leads (in frequency do-
main), and has dimensions Ns × 2. Its elements are
Ws,n =
√
vgwnδsn where wn are dimensionless coupling
strengths, and vg =
∂ω(k)
∂k . Finally, the matrix Λ appear-
ing in Heff (see Eq. (1)) is a renormalization term due to
the coupling of the system with the leads and it is specific
to the properties of the leads.
Thermal Radiation Pumps– Next, we consider a sys-
tem whose Hamiltonian H0(ut, vt) depends on two time-
varying independent parameters (ut, vt). We further
assume that these parameters are periodically modu-
lated in time with frequency Ω, such that H0 (t) =
H0 (t+ 2pi/Ω). During one period of the modulation
these parameters form a closed cycle in the (ut, vt) pa-
rameter space. The associated enclosed “pumping area”
is A ≡ ´ 2pi/Ω
0
dtut dv
t
dt . We want to analyze the net ra-
diative energy flux from one bath to another during one
pumping circle.
We consider circumstances where the variation of
(ut, vt) is small such that A → 0. We want to evalu-
ate the total radiative (time-averaged) thermal energy
flux per pumping area I¯. The latter is:
I¯ ≡ Ω
2pi
ˆ
dω
2pi
~ωΘT (ω)Q(ω), Q(ω) ≡ limA→0
´ 2pi
Ω
0
dtIx0 (t, ω)
A
(4)
where Q(ω) is the radiative energy density (i.e. per area
in the parameter space) and Ix0(t, ω) is the dimensionless
(normalized) time-dependent directional net energy cur-
rent, at some observation cross section at x = x0 within
the leads. The latter is evaluated under the condition of
two uncorrelated counter propagating incoming waves of
frequency ω and unit flux. In the case where H0 is static,
the net thermal radiative current I at each lead is zero.
From Eq. (4) it is clear that an understanding of Q (ω)
is essential for the analysis and control of I¯ [41].
Adiabatic Pumping– In the adiabatic limit, Ω → 0,
the study of radiative thermal energy Q (ω) boils down
to the analysis of the instantaneous scattering matrix St
[31]. The latter is given in terms of Eq. (3) with the su-
perscript t indicating the parametric dependence of the
matrix elements of S at a specific instant t during the
pumping cycle. It can be generally parametrized in terms
of three independent parameters: the instantaneous re-
flectance Rt, and the instantaneous reflection and trans-
mission phases αt, ϕt ∈ R respectively. Specifically we
have:
St = eıϕ
t
[√
Rteıα
t
ı
√
1−Rt
ı
√
1−Rt √Rte−ıαt
]
, 0 ≤ Rt ≤ 1. (5)
Using this parametrization, we write Q (ω) as
Q (ω) = lim
A→0
1
A
∂
∂ω
ˆ 2pi/Ω
0
dtRt
dαt
dt
=
∂
∂ω
∣∣∣∣∂ (Rt, αt)∂ (ut, vt)
∣∣∣∣
(6)
which applies whenever the period of the driving is larger
than the delay time that the “photons" dwell inside the
scatterer. It is important to stress that Eq. (6) allows
us to connect wave interference phenomena (imprinted
via the reflection phase αt) with the thermal radiation
problem. Furthermore, it opens up new directions in the
field of thermal photonics. Using Eqs. (5,3) we have that
Rt =
∣∣St11∣∣2 , dαtdt = 12ı ddt
(
ln
St11
St22
)
, (7)
where the subscripts indicate the matrix elements of St.
Direct inspection of Eqs. (5,7) indicates that the
pumped thermal radiation energy will be affected by the
proximity of resonant modes where R and α experience
3an abrupt change in ω. One would expect that higher or-
der spectral singularities, like diabolic points (DP), could
lead to a dramatic enhancement of Q (ω). We will show
that their effect in I¯ is controlled by the position of the
adiabatic cycle in the parameter space, with respect to
such spectral singularities.
A prototype CMT model with DPs– We consider a pro-
totype system of three coupled resonant modes, that can
support a DP degeneracy. The system is described by
the CMT Hamiltonian
H0(t;u
t, vt) =
ω0 + vt −1 1−1 ω0 −1
1 −1 ω0 + ut
 (8)
where ut = u(0) + δut, vt = v(0) + δvt with
(
u(0), v(0)
)
=
(d cos θ, d sin θ) and δut = δut+2pi/Ω, δvt = δvt+2pi/Ω .
The pair
(
u(0), v(0)
)
determines the center of the adia-
batic cycle, reparameterized with d and θ in polar form.
When ut = vt = 0, the eigen-frequencies of Hamilto-
nian Eq. (8) are a(0)1 = a
(0)
2 = ωDP = ω0−1 (DP degener-
acy) and a(0)3 = ω0 +2. This DP degeneracy can be lifted
in two ways: (a) by introducing
(
u(0), v(0)
) 6= (0, 0); (b)
by coupling the system to the leads. In the latter case,
the eigen-modes turn into resonant modes. The resonant
frequencies are the real parts of the poles of the S-matrix
which are identified with the complex eigenvalues {an}
of the effective Hamiltonian H(0)eff , see Eqs. (1,3) in the
absence of modulation. Their corresponding imaginary
part is the resonance line-width which describes the decay
rate of these modes to the reservoirs. In other words the
degenerate eigenmodes a(0)1,2 move apart from one-another
and turn to a1 6= a2 whenever the above two mechanisms
are in effect. The degree of repulsion between (a1, a2) is
controlled by the interplay of the proximity of the adia-
batic cycle to the DP and the coupling with the leads.
Effects of DP in Pumped Thermal Radiation– In the
presence of small time-periodic variations (δvt, δut), the
Green’s function Geff = (Heff − ωINs)−1 which appears
in the evaluation of St (and therefore in Q(ω)), involves
the instantaneous effective Hamiltonian Heff = H
(0)
eff +∆
t
where ∆t = diag (δvt, 0, δut). We expand Geff in a series
keeping terms up to first order in ∆t i.e. Geff = G
(0)
eff −
G
(0)
eff ∆
tG
(0)
eff + · · · where G(0)eff =
(
H
(0)
eff − ωINs
)−1
. We
can make further progress by representing Geff in the bi-
orthogonal basis {(ai| , |ai)} (i = 1, 2, 3) of H(0)eff where
G
(0)
eff is diagonal. The reflection coefficient R
t and phase
αt are evaluated (up to first order in δut, δvt) by direct
substitution of Geff into Eq. (3). Finally, the adiabatic
thermal radiation energy Q is calculated using Eq. (6).
Specifically, using Eqs. (5, 6, 3, 7), we find that
Q (ω) ≡ ∂
∂ω
P (ω, d, {wn}) = limA→0
ı
A
∂
∂ω

ˆ 2pi/Ω
0
dtRe
[
(1 + TrA11) Tr
(
4˜tA11
)∗] dTr( 4˜tA221+TrA22 − 4˜tA111+TrA11)
dt
 , (9)
where Aij = ı W
T |ai)(aj |W√
ai−ω
√
aj−ω
and 4˜tij = (ai|4
t|aj)√
ai−ω
√
aj−ω
. The
implicit subscript (not shown) of matrix Aij denotes the
entry while the trace operation is with respect to the
dummy variable, e.g., Tr
(
4˜tA11
)
=
∑
i,j 4˜tijAji11.
Direct substitution of Eq. (9) in Eq. (4) allows us to
perform an integration by parts and express the thermal
energy flux per pumping area I¯ as
I¯ = − Ω
2pi
ˆ
dω
2pi
∂ [~ωΘT (ω)]
∂ω
P (ω, d, {wn}) (10)
where for near-resonant thermal radiation the boundary
contributions (associated with the integration by part)
are neglected. Using the residue theorem we get
I¯ ∝
∑
n
Res
[
∂f(ω)
∂ω
P (ω);ωn
]
; Im (ωn) > 0 (11)
where f(ω) ≡ ~ωΘ(ω, T ) and ωn are the poles of P (ω)
(note that f(ω) is an analytic function). In the case of
near-field resonant thermal transport, these poles can be
associated with the poles of the scattering matrix Eq. (3).
They originate from the DP degeneracies of the isolated
system once they move to the complex frequency plane
due to coupling with the leads.
In fact, the singular behavior of Rt and dαt/dt will be
significant in the presence of a diabolic point degener-
acy. In this case a further progress can be made for the
evaluation of I¯. Specifically,
I¯ ∝
∑
n
′
Res [P (ω);ωn] (12)
where the summation is restricted to poles near the DP.
Examples of Adiabatic Pumps – The above theoretical
considerations can be directly tested using the CMT sys-
tem of Eq. (8). We chose θ = 450, δut = r cos Ωt and
δvt = r sin Ωt. Furthermore we assume (left and right)
tight-binding leads with dispersion ω = ω0 − 2 cos k that
are coupled to the scattering target with the same cou-
4FIG. 2: Numerical evaluation (dashed lines) of rescaled total
radiative (time-averaged) thermal energy flux I¯ × 2pi
Ω
versus
the control parameter d for driving angles (a) θ = 45◦ and (b)
θ = 135◦. The coupling  between the leads and the system is
indicated in the inset of the figures. In (a) we also report the
theoretical result (symbols) of Eq. ( 13). Other parameters
are kBT = 0.8 and ω0 = 3 (in units of coupling strength).
pling constant wL = wR = . We get the following ex-
pression for the total radiative (time-averaged) thermal
energy flux I¯ per pumping area (see Appendix [42])
I˜ ≈ Ω
2pi
∂f
∂k
∣∣∣∣
ω=ωDP
4
√
3ε4
(
ε2 −√2d)[(
ε2 −√2d)2 + 12ε4]2 . (13)
In Fig. 2a we report Eq. (13), together with the nu-
merical calculations using Eq. (4,6). We have performed
similar calculations for different angles θ in order to val-
idate the general features of Eq. (13). Specifically, in
Fig. 2b, we report the behavior of I¯ versus the control
parameter d for θ = 1350. In both cases we have found
that I¯ diminishes for large values of the control parame-
ter d (see also Eq. (13)). In this limit, the Hamiltonian
H0 of the isolated system does not support a DP. As
|d| → 0, the DP is re-established, leading to an enhanced
radiative thermal energy flux. This enhancement can be
further boosted by decreasing the coupling  between the
system and the leads. As discussed previously, the cou-
pling shifts the degenerate levels to the complex plane,
thus lifting the DP degeneracy and therefore deteriorat-
ing the performance of the pump. We point out that
typically, the extrema of I¯ is in the vicinity of the DP
corresponding to H0(d = 0; r = 0) (see other cases at the
Appendix [42]). This is due to the reminiscent effects
of the coupling, which results in differences between H0
and Heff(see Eq. (1)). Nevertheless, there can be ap-
propriate choices of the control parameters d,  for which
these reminiscent effects disappears completely and the
extrema of I¯ occurs at d = 0, see Fig. 2b.
Adiabatic pumping using Circuits– An experimental
demonstration of the effects of DPs on the adiabatically
pumped thermal radiation, can be achieved using the
electrical circuit shown in Fig. 1b. The system con-
sists of a chain of three LC resonators with resonant fre-
quency ω0 = 1/
√
LC. The resonators are capacitively
coupled along the chain via capacitances λC. Moreover,
the first and last resonators are coupled through a mu-
tual inductance M = µL, leading to system coupling
similar to Eq. 8. The circuit is connected in series to
two terminal capacitors Ce = C which we initially con-
sider as grounded, i.e. VL(R) = 0. For concreteness,
we will set ω0/2pi = 1GHz, λ = 0.2,  = 0.1, and
z0 = ω0L = 1/ω0C = 70 Ohm. When µ = µDP ≈ 0.13,
the eigen-frequencies of the grounded system demon-
strate a DP degeneracy (see Supplement [42]).
We now turn the system into a scattering set-up by
coupling each terminal capacitor Ce to independent reser-
voirs at the same temperature T . These reservoirs are
represented by a model for bandwidth limited Thevenin
equivalent TEM transmission lines with characteristic
impedance Z0 = 50 Ohms. The noise sources Vn are
synthesized such that 〈Vn(ω)V ∗m(ω′)〉 = 2Z0pi Φ(ω)δ(ω −
ω′)δnm where Φ(ω) = kBTΘ(ω). For demonstration pur-
poses, we set Θ(ω) =
√
1−
(
ω
2ωc
)2
, with ωc ≈ 0.47 GHz.
The pumping scheme is chosen to always enclose the
DP when µ = µDP . Specifically, we consider a peri-
odic modulation of the capacitances at left and right res-
onators such that C1(t) = C (1 + r sin(Ωt)) , C2(t) =
C (1 + r cos(Ωt)).
Next we inject into the circuit uncorrelated incoming
waves of the same frequency ω and power Ps = V 2s /(8Z0)
from the left (L) and right (R) reservoir. The aver-
age (over a cycle) net power flowing through the node
L(R) is obtained from the voltage vL(R)(t) and cur-
rent iL(R)(t) sampled at the respective node L(R) (see
Supplement [42]). Specifically, Q(ω) is evaluated us-
ing Eq. (4) where the time-dependent energy current
is IL(R)(t, ω) = vL(R)(t, ω)iL(R)(t, ω)/Ps. In our simu-
lations, we made sure the system reached a stationary
state before the evaluation. The results from the time
domain simulations are shown in Fig. 3a together with
the outcome from the instantaneous St-matrix approach,
see Eq. (6).[43] In the latter case we have extracted the
instantaneous reflectance Rt and reflection phase αt us-
ing a standard scattering approach (see Supplement [42])
[44].
Having at our disposal the total radiative energy den-
sity Q(ω) for the circuit set-up, we are now able to incor-
porate Φ(ω) for the total radiative thermal energy flux
(per pumping area) passing through the system, I¯ versus
µ. In Fig. 3b we report our findings using the instanta-
neous St matrix and the direct time-domain approaches.
The data nicely demonstrates the enhancement in I due
to the presence of the diabolic point as expected from the
predictions of CMT.
Conclusions – We have introduced the concept of adi-
abatic thermal radiation pumps as a means to manage
the direction of net radiative energy current for bodies in
equilibrium. We addressed this problem by appropriately
adopting, and establishing in the framework of resonant
near-field thermal radiation, an instantaneous scattering
matrix formalism borrowed from mesoscopic condensed
matter. Using this tool, we highlighted the importance
5FIG. 3: (a) Total pumped energy density Q(ω) versus fre-
quency for a typical value of the rescaled mutual inductance
coupling at DP, µ = µDP. The line is the numerical evaluation
of Q(ω) using Eq. (6). The symbols are results from a direct
time-domain simulation of net power at the left terminal. [43]
(b) Total (averaged) pumped radiative energy current I¯ ver-
sus the mutual inductance µ. The highest values of I¯ are
reached at the proximity of the DP (red dashed line).
of wave interference effects in the field of thermal pho-
tonics for thermal radiation management. As an exam-
ple, we demonstrated the impact of diabolic point spec-
tral singularities in such framework. Our results have
been tested against realistic simulations using electronic
circuits, with the techniques directly applicable to sys-
tems where temporal control of resonant coupling is pos-
sible. An exciting application of our proposal might in-
volve tunable superconducting resonators [45, 46] which
will enable new forms of superconducting Q-bit manip-
ulation. A future interesting direction is the study of
the full counting statistics for thermal radiation. It will
also be interesting to extend this study to other types of
spectral singularities, like exceptional points [47]. These
questions will be addressed in a subsequent publication.
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Supplemental Materials
DERIVATION OF EQ. (13)
For “the examples of adiabatic pump” in the main text, we assume the driving angle θ = 45◦ and consider that
the system is coupled with two identical tight-binding leads with equal coupling strength ε. The tight-binding leads
supports a dispersion ω = ω0 − 2 cos k in unit of coupling. In this case, the renormalization term Λ appearing in Eq.
(1) of the main text take the specific form Λ = − 12 cot (k)WWT with the coupling matrix W being
W =
√
2 sin k
ε 00 0
0 ε
 . (S1)
Notice that the free space dispersion is a special case for which k ≈ pi/2 (wide-band approximation) and thus Λ = 0.
On the other hand, the instantaneous effective Hamiltonian Heff = H
(0)
eff +4t reads
H
(0)
eff =
ω0 + εk (d) −1 1−1 ω0 −1
1 −1 ω0 + εk (d)
 , (S2)
and 4t = diag (δvt, 0, δut) where εk (d) = −ε2eık + d√2 , δvt = r sin Ωt and δut = r cos Ωt. The eigenvalue system of
H
(0)
eff = H
(0),T
eff , i.e., H
(0)
eff |ai) = ai |ai) , i = 1, 2, 3., can be given explicitly
a1 = ω0 − 1 + εk (d)
a2 = ω0 +
1
2
[
1 + εk (d)−
√
9 + εk (d) (2 + εk (d))
]
(S3)
a3 = ω0 +
1
2
[
1 + εk (d) +
√
9 + εk (d) (2 + εk (d))
]
and
|a1) = 1√
2
[−1 0 1]T
|a2) = 1√
2 + (a3 − ω0)2
[
1 a3 − ω0 1
]T (S4)
|a3) = 1√
2 + (a2 − ω0)2
[
1 a2 − ω0 1
]T
.
Due to the transposition symmetry of the matrixH(0)eff , (ai| ≡ |ai)T together with |ai) constitute a complete biorthonor-
mal basis. Correspondingly, using Eq. (9), we have the radiative energy density
[∗]These authors contributed equally to the results of this paper
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2Q (ω) =
∂
∂ω
P (k, d, ε) , (S5)
where
P (k, d, ε) =
dδω
dk
ε6(2−ε2)
(1−ε2)4
(
4− δω2) δω (δω + 1)2 (δω − ω5) (δω − ω6)
(δω − ω1)2 (δω − ω∗1)2 (δω − ω2)2 (δω − ω∗2)2 (δω − ω3)2 (δω − ω4)2
(S6)
with the frequency detuning δω ≡ ω − ω0 = −2 cos k and in the limit of d ∼ O
(
ε2
)→ 0
ω1 ≈ −1 +
√
2
2
d+
1
2
(
−1 + ı
√
3
)
ε2
ω2 ≈ −1 +
√
2
6
d+
1
6
(
−1 + ı
√
3
)
ε2
ω3 ≈ ω4 ≈ 2 +
√
2
3
d+
2
3
ε2 (S7)
ω5 ≈ 1 +
√
2
4
d+
1
4
ε2
ω6 ≈ −1 +
√
2
4
d− 1
4
ε2.
For the thermal energy flux per pumping area I¯, Eq. (10) in the main text can be rewritten as
I¯ = − Ω
2pi
ˆ pi
0
dk
2pi
P (k, d, ε)
∂
∂k
f (ω0 − 2 cos k) . (S8)
The major contribution of P (k, d, ε) to the integral mainly comes from k values of short range around DP satisfying
δω ≈ −1, see Eq. (S6). Therefore we can simplify Eq. (S8) for I¯ to be
I¯ ≈ − Ω
2pi
∂f
∂k
∣∣∣∣
δω=−1
ε6
(
2− ε2)
(1− ε2)4
3 (1 + ω5)
(1 + ω3)
2
(1 + ω4)
2 IR
IR ≡
ˆ 2
−2
d (δω)
2pi
(δω + 1)
2
(δω − ω6)
(δω − ω1)2 (δω − ω∗1)2 (δω − ω2)2 (δω − ω∗2)2
. (S9)
After extending the integration range of δω to the whole real axis and using residue theorem, we can evaluate IR in
Eq. (S9) approximately. Finally, we have
I¯ ≈ Ω
2pi
∂f
∂k
∣∣∣∣
δω=−1
4
√
3ε4
(
ε2 −√2d)[(
ε2 −√2d)2 + 12ε4]2 . (S10)
Here, we also report the numerical calculations of I¯ 2piΩ versus d for several different angles θ = 0◦, 90◦ in addition to
what we show in the main text. As shown in Fig. S1, the extrema is also in the vicinity of the DP similar to the
scenario θ = 45◦ shown in Fig. 2(a) of the main text.
EIGENFREQUENCIES OF THE ELECTRICAL CIRCUIT
Let us consider that capacitors Ce are grounded, then VL(R) = 0. At steady state, voltages at nodes i = 1, c, 2 (see
Fig. 1b) are given by vi(t) = Re (Vieıωt), where ω is the angular frequency. The Kirchoff equations for the voltage
amplitudes V1, Vc, and V2 can be written in matrix form as A~V = 0,ω2C˜1 − 1/L˜ −ω2Cλ µ/L˜−ω2Cλ ω2C˜c − 1/L −ω2Cλ
µ/L˜ −ω2Cλ ω2C˜2 − 1/L˜
V1Vc
V2
 = 0, (S11)
3FIG. S1: Numerical calculation of I¯ 2pi
Ω
versus d for two different coupling strengths ε = −0.1,−0.3 when (a) θ = 0◦, (b)
θ = 100◦. Other parameters are β = 0.8 and ω0 = 3.
where C˜1 = Ce + C1 + Cλ, C˜c = (C + 2Cλ), C˜2 = Ce + C2 + Cλ, and 1L˜ =
L
L2−µ2L2 .
The eigenfrequencies are those values of ω that give a determinant det(A) = 0. In absence of driving C1 = C2 = C,
and using Ω = (ω/ω0)2, Ce/C = , the eigenfrequencies can be written as
Ω1,2 =
2 + ˜µ + µ˜
a
±
√
µ˜2 + 2λ [−− µ+ µ(˜µ − )] + ˜2µ
a
Ω3 = − 1
(µ− 1) (1 + λ+ ε) . (S12)
Here, ˜µ =  + µ( + 1), µ˜ = (3 + µ)λ, and a = 2(1 + µ) [(2+ 3)λ+ + 1]. Given λ and , the solutions Ω1 and Ω3
take the same value at a particular µ = µDP . For the case λ = 0.2,  = 0.1, we have µDP ≈ 0.129506. We note that
this is not an avoided crossing, but a rare occurrence called a diabolic point.
SCATTERING PARAMETERS FOR THE ELECTRICAL CIRCUIT
Now, let us consider the system depicted in Fig. 1b as a scatterer where the voltages on the left and right nodes,
VL and VR, are not grounded. Instead, they are driven by time dependent voltage sources vsL(R)(t) = Re
(
V sL(R)e
ıωt
)
.
We can split both the voltages at, and the currents passing through, the nodes L(R) from the model transmission
line as a sum of two contributions,
vL(R)(t, ω) = Re
[
(V +L(R) + V
−
L(R))e
ıωt
]
,
iL(R)(t, ω) =
1
Z0
Re
[
(V +L(R) − V −L(R))eıωt
]
. (S13)
Here V +L = V
s
L/2 and V
−
R = V
s
R/2 are the complex voltage amplitudes of the incoming waves from left and right
Thevenin equivalent sources; and V −L and V
+
R are the voltage amplitudes of the outgoing scattered waves (see green
arrows in Fig. 1b). In the particular case in which V −R = 0, V
−
L (V
+
R ) is the amplitude of the reflected (transmitted)
wave. Then, rL =
2V −L
Vs
(tR,L =
2V +R
Vs
) is the reflection (transmission) coefficient. Similarly, when V +L = 0, the reflection
(transmission) coefficient is rR =
2V +R
Vs
(tL,R =
2V −L
Vs
).
